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1.0  INTRODUCTION 


In  the  last  decade,  adhesives  have  increasingly  been  used  in  structural  bonds,  especially  in 
high-performance  sectors  like  the  aeronautical  industry.  Advantages  of  adhesive  bonding  are 
manyfold:  fatigue  behavior  of  adhesively  bonded  joints  is  better  than  for  the  traditional  bolted, 
welded,  or  riveted  joints;  loads  are  more  uniformly  transferred  from  one  adherend  to  the  other;  there 
is  no  :ocal  weakening  of  the  adherends  due  to  bolt  holes;  weight  of  the  actual  bonding  area  is  re¬ 
duced;  joint  surfaces  arc  smoother;  etc.  However,  there  are  disadvantages,  and  at  least  two  major 
problems  arise  when  adhesives  are  used  to  bond  structural  parts.  First,  the  stress  state  is  usually 
complex  and  not  accurately  known;  and.  second,  environmental  effects  can  seriously  alter  joint 
performance  to  the  extent  that  long-tenn  integrity  is  not  predictable. 

Numerical  techniques,  mostly  finite  dement  analyses,  give  good  understanding  of  the  first 
problem,  providing  material  properties  are  known.  Because  of  ihe  variety  of  material  properties, 
as  well  as  the  effect  of  environment  on  properties,  a  great  variety  of  test  geometries  and  test  speci¬ 
mens  has  resulted.  The  reoson  there  is  no  single  generally  accepted  test  is  that  each  has  its  short¬ 
comings  in  various  degrees.  Some  are  reasonably  well  analyzed  but  require  costly  machining  and 
fabrication  while  others  are  simple  to  make  but  give  only  average  or  over-simplified  moduli. 
Moreover,  many  adhesives  exhibit  complex  material  characteristics  such  as  nonlinear  and/or  time- 
dependent  behavior.  In  addition,  the  chemical  or  mecharuca  bonding  between  adherends  and  ad¬ 
hesives  is  not  well  understood.  The  interface  or  interphase  layer  between  adherend  and  adhesive 
is  not  well  defined,  especially  in  regard  to  the  it  asurement  of  mechanical  properties.  There  is  also 
some  question  as  to  whether  the  properties  of  the  bulk  adhesive  differ  from  those  of  ihe  thin  film 
of  adhesive  in  an  actual  joint. 


The  Short  Beam  Shear  Test  (SBST)  is  an  ASTM  Standard  Test  (I),  used  to  obtain  the 
interlaminar  shear  strength  of  composite  materials  (1-11).  In  this  test  a  short  composite  beam  is 
loaded  to  failure  in  three-point  bending  (Figure  1).  Span-to -thickness  ratios  may  vary  from  4  to  7 
depending  on  the  fiber  type  in  the  composite  (1).  In  elastic  beam  theory,  the  maximum  shear  stress, 
at  the  midplane,  in  three-point  bending  is  given  by  equation  [1.1],  in  which  b  is  the  width  of  the 
beam. 
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At  failure,  P  —  the  interlaminar  shear  strength  S„  is  then  given  by 


11-1] 


11.2] 
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Figure  1.  Short  beam  shear  test  for  composite*. 


Because  the  beam  is  short,  Saint-Venaut  effects  cannot  be  neglected  as  they  are  in  the  elastic 
beam  theory  leading  to  expression  (1.1],  which  assumes  a  constant  shear  state.  Thus  the 
interlaminar  shear  strength,  as  obtained  in  the  SBST,  will  ouly  be  an  'apparent'  interlaminar  shear 
strength.  Therefore  ASTM  advises  that  this  value  be  used  only  for  quality  control  and  not  for  de¬ 
sign  (l). 
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Whitney  and  Browning  (2,3)  raised  another  point  of  caution  about  the  SBST,  stating  that 
very  often  fiber  buckling  in  the  neighborhood  of  the  load  leads  to  failure  at  the  midsurface  prior  to 
that  predicted  by  theory.  Browning,  Abrams  and  Whitney  (4)  proposed  to  replace  the  SBST  by  a 
test  using  four-point  bending  that,  in  their  experiments,  routinely  produced  the  desired  interlaminar 
shear  failure  mode. 

Stinchcomb,  Henneke  and  Price  (5)  went  even  further  and  completely  rejected  the  SBST  for 
quality  control  of  advanced  composites.  They  observed  experimentally  that  for  graphite-polyimide 
laminates,  only  those  which  were  poorly  manufactured  failed  in  shear. 

Notwithstanding  the  above  objectives  to  the  SBST  for  composites,  the  question  arose  as  to 
whether  such  a  simple  test  geometry  of  a  beam  in  three-point-bending,  or  a  cantilever  beam  loaded 
at  the  end,  could  be  used  to  measure  the  shear  properties  of  an  adhesive  layer  bonded  to  two 
adherends  (Figure  2).  To  obtain  properties  it  is  necessary  to  calculate  or  know  a  priori  the  stress 
stale  at  a  material  point  and  to  relate  this  known  stress  to  measurable  shear  deformation  in  the 
adhesive  layer,  or  even  easier,  at  the  midpoint  depletion  of  the  beam.  It  is  the  purpose  of  this  study 
to  obtain  a  closed-form  analytical  solution  to  a  beam  composed  of  two  adherends  bonded  together 
with  an  adhesive.  The  finite  element  method  will  also  be  used  to  obtain  a  numerical  solution.  The 
two  solutions  will  be  compared.  The  intent  is  to  provide  a  basis  for  the  measurement  of  shear 
properties  with  this  technique.  As  a  result,  optimum  features  of  geometry  and  properties  of 
adherends  and  adhesives  will  be  identified  to  maximize  achieving  accurate  measurements. 


2.0  STRESSES  AND  DISPLACEMENTS  IN  AN  ADHESIVELY  BONDED 


CANTILEVER  BEAM  SUBJECTED  TO  AN  END  LOAD 

2.1  Introduction 

In  this  chapter  a  solution  will  be  presented  for  the  state  of  stress  and  for  me  displacements  in 
an  adhesively  bonded  cantilever  beam  subjected  to  an  endload.  More  particularly,  the  shear  t/tress 
distribution  along  the  length  of  the  adhesive  layer  will  be  examined.  Also,  the  experimental  use  of 
this  test  geometry  will  be  extensively  discussed. 

The  idea  of  the  method  of  analysis  is  to  subject  the  cantilever  beam  to  an  endioau  and  to  cut 
the  adhesive  layer  along  its  midplane,  thus  freeing  the  shear  stresses  in  this  layer.  Expressing  con¬ 
tinuity  of  displacements  along  both  sides  of  the  cut,  together  with  the  deflection  equations  for  the 
adherends,  will,  result  in  a  differential  equation  in  the  unknown  shear  stress.  This  equation  will 
eventually  be  solved  using  the  proper  boundary  conditions. 

ctryiitor  u;ac  first  ucpH  10A2  |}y  j I'jbdt  0-ClC  ^  12),  Hi  aH  SJTtlcIc  HI  '.vllicll  till*  SUthoi 

examined  the  shear  forces  in  connecting  floors  between  tv/o  shear  walls  of  a  high-rise  building. 

Three  basic  assumptions  are  made  in  the  present  analysis: 

-  the  adhesive  layer  is  in  a  state  of  pure  shear, 

-  the  adherends  obey  the  Euler-Demoulli  beam  theory. 

-  both  adhesive  and  adherends  are  linear  elastic. 

The  validity  of  the  first  assumption  will  depend  upon  the  thickness  and  stiffness  of  the  adhesive 
layer  and  how  the  load  is  transferred  to  the  beam.  This  last  point  will  be  discussed  in  a  later  section. 
For  thick  and  stiff  adhesive  layers,  normal  stresses  are  likely  to  develop  as  they  do  in  a  monolithic 
beam.  A  consequence  of  the  second  assumption  is  that  the  adherends  may  not  be  'short  beams,' 


which  is,  in  fact,  an  ill-defined  term.  Usually  a  beam  is  called  'short'  when  its  length-to-thickness 
ratio  is  less  than  ten. 

The  solution  will  be  valid  for  both  a  beam  in  three-point  bending  and  a  cantilever  beam 
subjected  to  an  endload,  assuming  the  latter  to  be  perfectly  clamped.  Due  to  symmetry,  the 
midsection  of  the  beam  in  three-point-bending  will  undergo  no  rotation,  nor  will  the  fixed  end  of 
the  cantilever  beam.  If  the  load  on  the  cantilever  beam  equals  the  support  reactions  of  the  three- 
point-bending  beam,  then  the  vertical  displacement  of  the  midsection  of  the  single  beam  will  be 
equal  to  the  end  deflection  of  the  cantilever  (Figure  3). 


2.2  Geometry  and  Notations 


The  following  symbols  will  be  used  in  the  remainder  of  this  chapter  (Figure  4).  The  cantilever 
beam  is  symmetrical  with  respect  to  its  midpiane, 

Geometry  Material  Properties 

!:  length  of  the  cantilever  E:  Young's  modulus  of  the  adherends 

h:  thickness  of  an  adherend  G:  shear  modulus  of  the  adherends 

t:  half  the  thickness  of  the  Gt:  shear  modulus  of  the  adhesive 

~  ji _ : _ l.,..— 

ouuv.oivc  fajri'i 

b:  width  of  the  beam 

The  vertical  deflection  v  is  chosen  positive  for  downward  motion.  Transverse  deformations 
due  to  Poisson  effects  are  neglected. 

To  complete  the  symmetry  and  to  avoid  compressive  stresses  in  the  adhesive  layer,  half  of  the 
load  P  is  applied  to  the  upper  tdherend,  half  to  the  lower  adherend. 
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2.3  Shear  Stress  Distribution  in  the  Adhesive  Layer 

2.3.1  Deflection  and  Continuity  Equations 

The  adhesive  layer  of  the  loaded  beam  is  cut  along  its  midplane  (Figure  5).  On  both  sides 
of  the  cut,  the  unknown  shear  stress  in  the  adhesive  layer,  tv(x),  is  then  exposed.  The  direction 
of  the  shear  stress  will  be  so  that  it  counteracts  the  relative  motion  of  the  surfaces  along  the  cut, 
due  to  the  bending  of  the  adherents  caused  by  then  end  loads. 


In  the  assumption  that  Eulcr-Bemoulii  beam  theory  is  valid  for  the  adlierends,  the  deflection 
equation  for  the  upper  adherend  is  given  by: 


d7v 

dx2 


M 

El 
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in  wliich  v  is  the  deflection  of  the  adherend,  M  is  the  applied  mome  .  on  the  adherend  with  respect 
to  its  midplanc,  and  I  is  the  moment  of  inertia  of  the  adherend,  again  with  respect  to  the  midplane. 
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(2.2) 
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M  is  taken  to  be  positive  when  the  lowest  fiber  of  the  adkerend  is  stretched. 

The  applied  moment  has  a  negative  component  due  to  the  applied  load  P/2  and  a  positive 
component  due  to  the  unknown  shear  stress  xv  acting  at  a  distance  h/2  + 1  away  from  the  midplane 
of  the  adherend. 


M{x)  =  -£(£-*)  +  A  + 


12.3) 


Combining  equations  [2.1)  and  (2.3)  results  in  the  deflection  equation: 


* 


£/~7  -  ~(t-x)  -  6-4iiL jfx^TOdn 
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If  nc  shear  stress  acted  along  the  exposed  adhesive  surface,  two  neighboring  points  on  each 
side  of  tl»e  cut  (Figure  5)  would  move  apart  due  to  the  individual  beuaing  deformations  of  both 
adherends,  It  is  to  prevent  this  motion  that  shear  stresses  must  exist  in  the  adhesive  layer. 

To  assure  continuity,  it  is  then  necessary  that  the  total  relative  displacement,  due  to  internal 
and  external  loads,  of  those  two  originally  neighboring  points  be  set  at  zero.  This  relative  dis¬ 
placement  has  three  distinct  components:  one  due  to  bending  of  the  adherends,  the  second  due  to 

M  it/lltHKHMi  1ni>M  mi«^l  all  A  4  ««  ^  ■■■  »  jil  3  -  P - -  .  -  . 1  ---  •.  J1* _ .1. 
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caused  by  the  integrated  shear-  stress.  Only  the  horizontal  components  will  be  considered. 


The  relative  displacement  component  due  to  bending  of  the  adherends,  8,(jf)  ,  can  be  readily 
obtained  from  Figure  6  and  is  arbitrarily  taken  positive. 


s,(*)  -  2  •  •-—“(*  +  20  —— 


12.5] 


The  relative  displacement  component  due  to  shear  deformation  of  the  adhesive,  5j(x),  is  de¬ 
termined  from  Fi^me  7. 
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(2.61 


I 


!* 


T,V(X) 

h's)  “  -  2tyxv(x)  -  -  2t — — — 

Because  the  relative  displacement  of  each  point  is  in  the  opposite  direction  to  the  bending  compo¬ 
nent,  8j(x)  must  be  negative.  The  minus  sign  is  necessary  because  5*{x)  is  negative  and  x,f  is  taken 
positive  as  shown.  The  adhesive  is  assumed  to  be  linear  elastic  to  obtain  equation  [2.6]. 

In  addition  to  contributing  to  bending  stresses  in  the  adherends,  the  shear  stress  in  the  adhe¬ 
sive  layer  will  induce  a  net  axial  force  in  both  adherends,  tensile  in  the  upper  and  compressive  in 
the  lower.  These  normal  forces  will  cause  a  third  displacement  component  for  points  along  the 
exposed  middle  surface  of  the  adhesive 

In  a  beam  loaded  by  normal  stresses  only,  the  displacements  are  found  by  integrating  the 
normal  strains  (Figure  8), 


* 
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Figure  8.  Norm*]  deformation  of  a  beam  in  tension. 


A(x)  -  12-71 

This  normal  stress,  0,(11),  in  the  bonded  cantilever  is  the  total  force  obtained  by  integrate  .  of  the 
shear  stresses  from  point  i]  to  the  end  of  the  beam,  divided  by  the  transversal  area  of  the  adherend, 

12-81 

Substitution  of  equation  [7.8]  into  equation  [2.7J  leads  to, 

v  P  TrvfX) 

«*>  -  p9! 

The  relative  displacement  component  of  the  two  points  along  the  adhesive  surface,  S,(x),  is 
then  obtained  from  Figure  9.  Like  the  second  component,  5, (x)  is  negative  also. 
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Figure  9.  Relative  displacement  due  to  normal  deformation  of  the  adherends. 


53W  = 


(2.10) 


The  continuity  equation  finally  is, 


5,(x)  +  8a(x)  +  83(x)  -  0 


12.11] 


or, 

{h+2t)-&-  -  2'“  -  =  0  12.12] 


In  the  next  section  the  deflection  equation  [2.6]  and  the  continuity  equation  [2.12]  will  be 
combined  and  will  Ic'd  to  a  differential  equation  in  the  unknown  shear  stress  Tv(x). 


a 
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2.3.2  Differential  Equation  for  the  Shear  Stress 


In  the  previous  section,  the  basic  equations  governing  the  shear  stress  state  in  the  beam  were 
developed.  These  equations  need  now  to  be  combined  and  integrated  to  lead  to  the  actual  shear 
stress  distribution  in  the  adhesive  layer. 

First,  the  continuity  equation  is  to  be  differentiated  twice  with  respect  to  x.  Some  theorems 
concerning  integral  calculus  have  to  be  used  to  take  the  derivative  of  the  integral  term.  These  are, 


l  -  /to 


[2.13a] 


fxAnWn  *  -fAnWn 


[2.136] 


Taking  the  first  derivative  of  equation  [2.12]  leads  to, 


and  taking  the  second  derivative,  to, 


(A  +  20- 


JL  d\‘.  +  JLt  (X)  .  o 


Differentiating  the  deflection  equation  [2.4]  once  with  respect  to  x  gives, 


El  A-  = 


-f + 


Elimination  of  the  deflection  term  from  equations  [2.15]  and  [2.16],  and  some  rearrangement, 
leads  to  the  differential  equation  in  the  unknown  shear  stress, 


-  [§£<‘  +  2,>!  +  -Ir]'- 


_  W±*LP 
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Introducing  t/h  os  a  dimensionless  adhesive  thickness  and  tjh.  as  a  slenderness  ratio  and  using 


the  expression  for  the  inertia  moment  I,  equation  [2.17)  can  be  rewritten  as, 


-  ,  G*  [f  ]2  U  +  2HH)1  1 


■f.  ♦  — 

L  3(1  +  2Uhy  J 


- L - 3-^ 

b(h  +  2t)i2  E 


t  L  3(1  +  2i/h) 

Ga  [  (1  +  2 t/h)1 

E  L  h  J  tjh 


Now  the  following  parameters  are  defined, 


f  =  l  +  — 


3(1  +  2t/h) 


a  =  ay 


Substitution  of  these  in  equation  [2.18]  results  in, 


'  [IN  “  - 


To  obtain  the  final  form  of  the  second  order  diiferential  equation,  x  is  replaced  by  a  dimensionless 
coordinate  4- 


C  a  — 

S  l 


Acy(5) 


P 

b(h  +  2f) 


2.3.3  Shear  Stress  Distribution 


The  general  solution  of  a  second  order  differential  equation  with  constant  coefficients,  consists 


of  a  homogeneous  part  and  a  particular  part. 


t  =  xh  +  J 
xy  'xy 
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By  inspection,  the  particular  solution  can  be  found  to  be, 


t* _ t _ 

*  by\h  +  2 1) 

The  homogeneous  solution  for  an  equation  of  form  [2.24]  is, 

t£j,  »  Cj  cosh  a4  +  Cj  sinh  a!j 


[2.26} 


[2.2?j 


The  complete  solution  is  given  by, 

txv  =  - — - +  c ,  cosh  +  Cy  sinh  al;  [2.28] 

J  by\k  +  2t) 

in  which  the  integration  constants  Ci  and  C2  are  to  be  found  using  the  boundary  conditions.  At 
the  fixed  end,  for  ^  —  0  and  x  =  0, 

~  =  Q  [229] 


Setting  dv/dx  equal  to  zero  in  the  continuity  equation  [2.12]  and  considering  that  an  integral  with 
equal  integration  limits  vanishes,  leads  to, 

V(4  =  0)  =  0  [2.30] 


and 


Cl 


-P 

\rt\h  +  20 


At  the  loaded  end,  the  applied  moment,  and  thus  the  curvature,  is  zero. 


For  x  **  / 
\  =  1 


A 

<ix2 


12.31] 


[2.32] 


Taking  the  derivative  of  the  continuity  equation  [2,12]  and  evaluating  the  resulting  equation  for  x 
**  t  leads  to: 
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0 


x  =  t 


[2.32a] 


or, 


-  0 


1 


[2.326] 


and. 


cj  a  sinh  a  +  cj  a  cosh  a  =  0 


[2.32c] 


so  that, 


P  tanh  a 

•  It*  »  > 

ay  \n  -t-  ii) 


[2.33] 


Finally,  expression  [2.34]  is  obtained  tor  the  shear  stress  distribution  in  the  adhesive  layer, 


x*y  L  2 


by\h  +  2 t) 


-( 1  —  cosh  a£  +  tanh  a  sinh  aE,) 


[2.34J 


Stresses  and  displacements  in  the  adhcrends  can  be  computed  using  Euler-  Bemouilii  beam 
theoiy  for  a  cantilever  loaded  by  a  shear  stress  as  given  in  [2.34]  and  a  cantilever  loaded  by  an  end 
load  P/2. 


2.3.4  Limit  Cases 

In  this  section  the  two  limit  cases  of  'perfect  adhesion'  and  'no  adhesion'  will  be  investigated. 

Perfect  adhesion  is  assumed  to  be  obtained  when  the  bonded  beam  behaves  like  a  monolithic 
beam  with  no  adhesive  layer.  This  condition  is  met  when  the  thickness  of  the  adhesive  layer  ap¬ 
proaches  zero.  Therefore  the  limits  for  vanishing  t  have  to  be  examined  for  a,  y,  a  and  xXf  . 
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The  perfect  adhesion  cesc  is  not  defined  as  the  limit  case  for  which  the  adhesive's  shear 
modulus  approaches  the  adherend's  shear  modulus,  since  this  definition  would  violate  the  pure 
shear  assumption  in  the  adhesive  layer. 


«ma’- 

f— i>o  /— » o  ^  E  \.h tjh  y 


-  00 


litn  y  fim  2  1  + 
t~* 0  f-*0  t  3(1  + 


(i  +  _1_\  = 

l  3(1  +  2 t/h)2  / 


=  ± 
3 


lim  a  =  fiin  (ay)  *  oo 
/ — iQ  f+o 
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(2.37] 


lim  t 
r--*o 


xy 


3  P 
4bh 
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4  hh 

3  P 

4  bh 

3  P 

4  bh 


(1 


cosh  oo  +  sinii  oo) 

cosh  oo 

1 


(1  —  _ — d— —  (cosh  oo  —  sinh  oo)] 
cosh  oo 
1 


[  1  - * - 1 

L  cosh  oo  J 
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This  shear  stress  is  exactly  the  maximum  shear  stress  in  a  monolithic  and  homogeneous  cantilever 
beam  of  thickness  2h,  subjected  to  an  cndload  P. 

For  the  case  of  'no  adhesion,'  the  adhesi /e  has  to  be  infinitely  deformable,  or,  in  other  words, 
the  adhesive's  shear  modulus  G  has  to  approach  zero.  Taking  again  the  necessary  limits,  it  is  dear 
that  the  shear  stress  goes,  logically,  to  zero  in  the  "adhesive"  layer. 


f  3  [  - 

t  la  (1  +  2 t/h)2  1 

l  £l 

h  J  t/h  C 

«  0 


lim  ~  lim  /  -  — — - (1  —  cosh  0  +  tanh  0  •  sinli 0) \  =  0 

Cc— *o  <7„-+o  (_  ky  (h  +  2 1)  ) 


[2.39] 


[2.40] 


In  the  following  the  shear  stress  distribution  will  be  analyzed  for  the  whole  range  of  adhesives 
between  these  limit  cases. 
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2.3.S  Discussion  of  the  Shear  Stress  in  the  Adhere  Layer 


The  variation  of  the  shear  stress  in  the  adhesive  layer  along  ;he  length  of  the  r  until  ever  is  given 
by  equation  [2.34J, 


T,v(2j)  “  — r — — - (1  -  coshcri;  +  tanh  a  •  sinh  a£)  [2.34] 

v  by\h  +  2t) 

From  this  expression  it's  seen  that  the  spatial  dependence  of  the  shear  stress  is  governed  by 
the  parameter  a,  which  is  in  turn  related  to  a  and  y.  To  enhance  the  following  discussion,  equations 
on  these  quantities  are  repeated  below, 


_  ,  Ga  rel2  (1  +  w 

E  [hi  tjh 

[2.19] 

T  -  1  +  2 

[2.20] 

3(1  +  2  t/hf 

a  ~  ay 

|2.21] 

The  quantity  a  contains  all  beam  characteristics,  both  geo  etrical  and  material.  Generally, 
a  will  increase  with  adhesive  stiffness  and  beam  length  and  decrease  with  adhesive  thickness.  The 
exact  variation  of  a  as  a  function  of  adhesive  deformability,  E/G„,  is  given  in  Figure  10  for  various 
adhesive  thicknesses  and  slenderness  ratios.  For  aluminum  adherends  bonded  with  ar  epoxy  ad¬ 
hesive,  for  example,  EjG,  will  be  somewhere  between  J  00  and  1000,  leading  to  values  of  a  in  the 
neighborhood  of  10  or  less  for  common  geometries. 
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In  a  bonded  cantilever  beam,  however,  the  shear-  stress  in  the  adhesive  is  not  directly  related 
to  the  external  shear  force,  but  to  the  relative  displacements  of  the  adherends  on  each  side  of  the 
adhesive  layer.  This  relative  motion  of  the  adherends  induces  shear  deformations  in  the  adhesive 
layer  and  therefore  also  shear  stresses.  At  the  fixed  end  of  the  cantilever,  although  axial  stresses  and 
strains  in  the  adherends  are  highest  due  to  the  maximum  bending  moment,  there  is  no  relative 
displacement  between  the  adherends,  because  the  displacement  at  the  fixed  support  is  zero.  Thus, 
shear  strains  and  shear  stresses  are  zero  in  the  adhesive  layer  at  the  fixed  end.  Further  away  from 
the  clamped  end,  relative  motion  of  the  adherends  begins  to  develop,  thus  building  up  shear  stresses 
in  the  adhesive,  until,  in  most  cases,  a  stable  value  is  reached. 

This  shear  3tress  variation  front  the  fixed  end  (4  “  0)  to  the  free  end  =  1)  is  shown  in 
Figure  12,  for  various  values  of  parameter  a.  It  is  seen  in  this  figure  that,  for  increasing  a,  more 
and  more  a  constant  shear  state  is  approached  as  u  is  increased.  A  high  a  means  a  thin  or  stiff 
adhesive  layer  or  a  long  beam.  For  low  u,  the  shear  stress  varies  along  most  of  the  length  of  the 
beam.  A  rough  physical  explanation  for  these  facts  is  that  it  takes  longer'  for  the  adherends  to 
develop  the  relative  displacements  corresponding  to  a  stabilized  shear  state  as  the  adhesive  layer  gets 
thicker  or  more  deformable. 
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Figure  12.  Shear  ttrcss  variation  in  the  adhesive  layer  along  the  length  of  the  beam. 


The  maximum  shear  stress  is  always  encountered  at  the  free  end  of  the  cantilever.  An  ex¬ 
pression  for  this  maximum  shear  stress  is  obtained  by  setting  £,  *=  1  in  equation  12.34]. 


max 


P 

lr/\h  +  2  f) 


(1 


cosh  a  +  sinh  a) 

cosh  a 
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p 

by\h  +  2t) 
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1 

cosh  a 


12.41J 


In  section  2,3.4,  the  limits  for  the  shear  stress  in  the  cases  of  perfect  adhesion  and  no  adhesion 


were  examined.  Figure  13  shows  how  the  maximum  shear  stress  varies  for  a  total  range  of  geom¬ 
etries  and  adhesive  properties.  A  logarithmic  scale  is  used  to  allow  a  complete  representation,  from 

22 


very  stiff  to  very  deformable  adhesives.  Both  graphs  show  rhre.  distinct  zones.  For  very  stiff  ad¬ 
hesives,  the  maximum  shear  stress  has  a  constant  value,  depending  only  on  the  thickness  of  the 
adhesive  layer.  The  shear  stress  is  a  maximum  in  the  zone  of  higher  a  values,  so  that  the  second 
term  in  parentheses  in  equation  12.41)  vanishes,  leaving  only  the  component  dependent  on  the  ad¬ 
hesive  thickness.  For  very  deformable  adhesives,  approaching  the  case  of  no  adhesion,  shear 
stresses  drop  to  zero.  The  middle  zone,  approximately  two  decades  wide,  can  be  seen  as  an  inter¬ 
action  zone,  where  both  geometrical  and  adhesive  properties  are  important. 
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A  noteworthy  feature  of  these  curves  is  that  they  can  be  'shifted'  by  a  mere  change  of  ge¬ 
ometrical  parameters.  For  example,  making  the  beam  longer,  or  the  adhesive  layer  thinner,  will 
extend  the  constant  shear  zone. 

2.3.6  Experimental  Aspects 

The  constant  maximum  shear  zone  as  discussed  in  the  previous  section  is  particularly  inter¬ 
esting  when  it  comes  to  using  the  bonded  cantilever  beam  as  a  test  device  ior  measuring  adhesive 
properties. 

For  this  range  of  'stiffer'  adhesives,  it  is  possible  to  calculate  the  maximum  shear  stress  in  the 
adhesive  layer  from  geometrical  characteristics  only.  If  a  measurement  of  the  shear  strain  in  the 
adhesive  can  be  obtained  at  the  place  of  maximum  stress,  the  shear  modulus  can  be  easily  found, 
assuming  linear  elastic  adhesive  behavior.  Such  a  measurement  could,  for  example,  be  done  by 
tracking  the  displacements  of  some  points  on  each  side  of  the  adhesive  layer  using  modem  optical 
devices. 


The  maximum  shear  strain,  yg*t  in  the  adhesive  layer  may  be  expressed  as, 


„.tn»x  _ 


mm 

\xy 
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P  EiGa  fI  _  1  ] 

Ebh  y2(j  2 t/h)  *-  cosh  a  J 


12.42] 


The  maximum  shear  strain  is  represented  graphically  in  Figure  14  as  a  function  of  geometry  and 
properties. 
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Figure  14.  Maximum  »hc«r  strain  in  the  adhesive  layer  as  a  function  of  adhesive  defbrmabiiity. 


Due  to  the  constant  maximum  shear  stress,  the  shear  strain  varies  linearly  in  the  zone  of  the 
"stiflcr"  adhesives.  For  the  very  deformable  adhesives  an  asymptotic  value  is  reached.  Here,  the 
adhesive  is  so  deformable  that  both  adherends  can  develop  their  full  deformation,  as  if  they  were 
individually  loaded,  without  being  restricted  by  the  adhesive  layer.  The  value  of  that  corre- 
SjKmds  to  the  relative  displacements  between  the  adherends  at  the  loaded  end. 

From  Figures  13  and  14  it  is  seen  that  the  constant  shear  stress  zone  and  the  linearly  varying 
shear  strain  zone  can  be  extended  by  making  the  beam  longer  and  the  adhesive  layer  thinner. 
Therefore,  for  some  adhesives,  for  which  a  rough  estimate  of  the  shear  modulus  is  available,  a  test 
geometry  can  be  "tailored"  to  make  sure  to  be  in  the  linear  maximum  shear  strain  zone. 

Moreover,  making  the  adhesive  layer  thinner  aitd  the  beam  longer  increases  the  value  of  a, 
thus  leading  to  a  constant  shear  state  over  a  large  part  cf  the  beam  (Figure  12).  As  a  result,  shear 
strain  measurements  need  not  be  performed  at  the  loaded  end  of  the  beam.  Moving  away  from  the 
end  will  not  only  make  it  easier  to  install  the  measuring  device,  but  will  also  eliminate  possible  end 
effects. 

2.4  Deflection  of  the  Bonded  Cantilever  Beam 

2.4.1  Integration  of  the  Deflection  Equation 

In  the  following  section  equations  will  be  derived  to  relate  the  end  deflection  of  the  cantilever 
or  the  mid-point  deflection  of  the  beam  in  three-point-bending  to  th;  shear  modulus  of  the  adhe¬ 
sive.  Therefore  the  deflection  equation  [2.4J, 

ElAr  =  (11)^  |2.4] 

dx2  2  2 

must  be  integrated,  using  the  proper  boundary  conditions.  Substituting  the  expression  for  the  shear 
stress  in  the  integral  leads  to, 
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12.43] 


2EI 


x  +  -=-  sinh  ~~  -  4-  tanh  a  cosh 
a  la  t 


t] 


Integration  of  equation  [2.43]  results  in, 


dv  =  _P_  _  *1  _  f 

dx  2EI  K  2  2y2  El 


[2.44] 


in  which  Cx  is  an  integration  constant  to  be  found  using  boundary  conditions.  As  shown  from 
theory  of  elasticity  (13)  or  elementary  strength  of  materials  (14)  approaches,  the  total  deflection  of 
a  beam  under  any  kind  of  loading  consists  of  three  terms:  a  bending  term,  which  is  always  the 
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which  is  usually  two  or  more  orders  of  magnitude  smaller  than  the  dominant  one  and  which  de¬ 
pends  upon  position  rather  than  thickness  of  the  beam.  The  shear  term  is  due  to  nonunifonn  shear 
stress  over  the  thickness  of  the  adherends,  and  will  be  included  here. 


For  a  homogeneous  monolithic  beam,  under  some  unspecified  loading  resulting  in  a  shear 
force  V.  the  shear  deflection  v.  is  raven  in  differential  form  by, 


^  m  W 

dx  2 AG 
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where  A  is  the  cross-scctional  area  of  the  beam  (14,  pp.  170-175).  In  the  present  case,  where  the 
shear  force  is  constant,  the  shear  deflection  of  the  adherends  will  vary  linearly  with  x,  so  that  its 
second  derivative  will  be  zero.  For  the  bonded  cantilever  where  each  adherend  is  subjected  to  a  load 
V/2  and  was  a  cross-scctional  area  of  bh,  equation  [2. 45)  becomes, 


m  3  P 
dx  4bhG 
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[2.46] 


This  extra  term  affects  by  no  means  the  previously  derived  deflection  equation,  since  the  latter 
contained  only  the  second  derivative  of  the  deflection.  However,  a  note  should  be  made  here. 
Rigorously,  this  term  should  also  have  been  included  when  the  boundary  condition  was  used  to 
evaluate  the  integration  constants  for  the  shear  stress  distribution  in  the  adhesive  layer.  There,  in 
the  first  condition,  dv/dx  was  set  to  zero  at  the  fixed  end,  resulting  in  a  vanishing  at  that  end. 
Later,  in  section  2.3.5,  the  physical  correctness  of  that  condition  was  proved.  If,  on  the  other  hand, 
the  shear  term  had  been  included,  a  singular,  and  thus  physically  unacceptable,  shear  stress  in  the 
adhesive  layer,  at  the  fixed  end,  would  have  been  the  result;  therefore,  this  secondary  deflection  term 
was  omitted  in  the  analysis  of  the  shear  stress  distribution. 


The  boundary  condition  for  the  derivative  of  the  deflection  at  the  fixed  end  then  becomes, 


dv  _  3P 

dx  x=0  '4bhG 


Resulting  in, 
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Integrate  equation  |2.49J  to  find  the  deflection  C2,  a  second  integration  constant  to  be  found  from 
the  boundary  condition. 


Expressing  that  the  deflection  is  zero  at  the  fixed  end,  leads  to  C2, 
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and  finally  to  v, 
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Equating  x  to  €  and  including  the  current  value  for  the  moment  of  inertia  1  of  an  adhcrend,  the  end 
deflection  8  of  the  bonded  cantilever  beam  is  obtained.  This  expression  is  also  the  midpoint  de¬ 
flection  of  a  beam  in  three-point-bending, 


5  = 


2  PV 
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3  Pt  _ 
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[2.53] 


The  factor  in  front  of  the  parenthesis  is  exactly  the  bending  term  of  the  deflection  of  an  isotropic 
cantilever  beam  of  tlnckness  2h,  loaded  at  the  end  by  a  force  P.  Expression  [2.53]  will  be  slightly 
modified  to  have  a  premultiplier  equalling  the  bending  deflection  of  a  cantilever  of  thickness  (2h 
+  2t),  so  that  the  term  in  parenthesis  will  approach  one,  if  the  shear  term  is  not  considered,  in  the 
case  of  perfect  adhesion, 


5  = 


PV 


2Eb(h  +  t ) 


(1  +  t/h) 
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Equation  [2.54]  can  be  rewritten  as, 


8  =  P 


PV 


2  Eb{h  +  t? 


[2.55] 


with, 


P  =  (1  +  nhy 


[2.56] 


30 


The  factor  (3  can  be  seen  as  a  dimensionless  end  deflection  for  a  bonded  cantilever  beam, 
loaded  at  the  end  by  a  force  P.  The  dependence  of  this  P  on  the  adhesive  properties  and  the  sig¬ 
nificance  of  each  term  in  the  square  brackets  will  be  discussed  in  the  next  section. 

2.4.2  Analysis  of  the  End  Deflection  Expression 

In  the  previous  section,  an  expression  was  obtained  for  the  end  deflection  of  a  bonded 
cantilever  beam  subjected  to  an  endload.  Each  of  the  three  terms  in  the  square  brackets  in  equation 
[2. 54)  or  in  the  definition  of  p  in  [2.56]  has  a  distinct  physical  meaning.  The  first  term  is  related  to 
the  bending  of  the  adherends  and  is  dependent  only  on  geometiy.  The  second  is  the  shear  deflection 
term,  and  also  an  adherend-  and  geometry-related  term  which  is,  at  most,  except  for  veiy  short 
beams,  a  few  percent  of  the  bending  term.  The  third  and  last  term  is  to  our  purpose  the  most  im¬ 
portant  because  it  contains  the  adhesive  properties  through  parameter  a.  The  magnitude  of  this 
term  ranges  from  almost  zero  for  yery  stiff  adhesives  to  about  4  times  the  bending  term  for  very 
deformable  adhesives, 

»  ’  (1  +  '/A)3  [4  (‘ "  jr)  +  #  (t)2  +  f  (i  '  ’T1)]  12561 

The  variation  of  coefficient  P  as  a  function  of  the  adhesive  deformability  is  shown  in  Figures 
15  and  16  as  a  function  of  adhesive  thickness  and  length  of  the  cantilever.  A  value  of  2.6  is  taken 
for  E/G,  assuming  a  Poisson  coefficient  of  0.3  for  the  adherends. 
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As  for  the  maximum  shear  stress  curves,  three  zones  can  be  distinguished.  For  very  stiff  ad¬ 
hesives,  a  small  zone  will  exist  in  which  the  beam  deforms  like  an  isotropic  beam  which  could  be 
referred  to  as  the  ‘perfect  adhesion'  zone.  Here,  B  is  approximately  one,  if  the  shear  term  is  not 
taken  into  account.  On  the  other  3ide  of  the  graph,  for  very  deformable  adhesives,  the  deflection 
of  two  separate  beams  of  thickness  h,  each  loaded  by  a  force  P/2,  is  retrieved.  For  an  adhesive 
thickness  of  zero,  the  value  of  (1  would  be  4  in  this  zone,  because  the  stillness  of  half  a  beam  is  an 
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eighth  of  the  stiffness  of  the  total  beam  and  the  load  is  half  the  load  that  is  acting  on  the  total  beam. 
That  the  asymptotic  values  for  P  in  the  graphs  are  higher  than  4  is  due  to  the  fact  that  the  isotropic 
beam  is  referred  to  having  a  thickness  2(h  + 1)  instead  of  2h. 

These  two  zones  are  connected  by  a  high  sensitivity  zone  that  is  approximately  two  decades 
wide.  In  this  middle  zone  the  end  deflection  is  extremely  sensitive  to  the  adhesive's  shear  modulus. 
Again,  the  curves  can  be  shifted  by  changing  the  geometry'  of  the  beam,  so  that,  if  a  rough  estimate 
of  G„  is  available,  a  specimen  can  be  'tailored'  to  obtain  a  deflection  in  the  steep  part  of  the  curve. 
However,  as  will  be  discussed  below,  when  it  comes  to  optimizing  the  specimen  for  deflection 
measurements,  this  shifting  doesn't  work  as  well  as  it  did  for  the  shear  strain  measurements  in  the 
adhesive  layer  itself. 


2.4.3  Experimental  Aspects 


The  pros  and  cons  of  using  measurements  of  the  end  deflection  to  obtain  the  adhesive's  shear 
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To  give  an  idea  of  which  adhesive  property  interval  will  be  of  interest  for  testing  purposes, 
T  able  I  gives  the  £/(7c  ratios  for  some  common  adhesives.  Generally  the  adhesives  are  situated  in 
the  'still”  adhesive  zone  of  Figure  33.  Because  adhesive  layers  are  usually  thin,  on  the  order  of  0.005 
inch  (1.27  mm),  t/h  ratios  ranging  from  1/20  to  1/50  are  common  values,  meaning  that  for  'fairly 
long'  beams  (1/h  ranging  from  10  to  20)  the  beam  will  be  situated  in  a  low  sensitivity  part  of  the 
curve.  At  most  5  to  10  percent  of  the  total  deflection  can  be  related  to  the  adhesive  property. 
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Tabic  I.  Common  E/Ga  values  for  aluminum  adherends. 


Adhesive 

Ga  ksi  (MPa) 

EIG' 

Epoxy  resins 

80-180 

(550-1350) 

55-125 

Polyimides 

170 

(1200) 

60 

Phenoxy  resins 

115-145 

(800-1000) 

70-90 

Rubber  polymers* 

0.1-1 

(1-7) 

310'*  -  3.10 

♦  bonded  to  steel 

The  sensitivity  can  be  increased  in  two  ways,  by  making  the  beam  shorter  or  the  adhesive 
layer  thicker,  both  of  which  can  seriously  endanger  the  validity  of  the  underlying  theory.  For  a 
thick  (t/h  >  1/5)  and  stiff  adhesive  layer,  the  assumption  of  pure  shear  in  the  adhesive  should  be 
questioned;  for  very  short  beams  (1/h  8  or  10),  the  Euler-Bemoulli  beam  theory  is  no  longer  ap¬ 
propriate. 

Assuming  that  an  optimized  cantilever  has  an  adhesive-adherend  thickness  ratio  of  0.1,  and 
a  length  to  thickness  of  adherend  ratio  of  10,  the  absolute  value  of  the  thickness  of  the  adhesive 
layer  becomes  important.  For  a  thickness  2t  of  the  adhesive  layer  of  0.005  inch  (0.127  mm),  the 
total  thickness  of  the  cantilever  would  be  0.055  inch  (1.40  mm)  and  its  length  0.25  inch  (6.35  mm), 
but  these  are  unrealistic  specimen  dimensions  (Figure  17a).  Better  dimensions  are  obtained  for  an 
adhesive  thickness  of  0.04  inch  (1.016  mm)  (Figure  17b),  but  still  the  specimen  is  small.  Therefore, 
a  thick  adhesive  layer,  in  absolute  value,  not  in  ratio,  is  crucial  to  obtain  tesi  specimens  of  reason¬ 
able  dimensions  and  good  sensitivity. 


(O.I27nnm)  (1.016mm) 


Figure  17.  Dependence  of  the  dimensions  of  a  teat  beam  on  the  absolute  value  of  the  thickness  of  the 
adhesive  layer  (scale  1/1). 


The  second  and  probably  the  better  way,  slice  it  gives  a  visual  idea  of  accuracy,  is  a  graphical 
solution  for  O'..  From  the  measured  value  of  5,  p  can  be  calculated.  The  corresponding  part  of  the 
{E/G, )  curve  can  be  magnified  for  higher  accuracy  and  E/G,  car;  be  read  from  the  graph  (Figure 
18). 
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Figure  18.  Graphic&l  solution  for  Ga  from  a  deflection  measurement 
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The  deflection  test  can  also  be  used  to  evaluate  different  /pes  of  surface  treatments  or  other 
factors  that  influence  the  state  of  adhesives.  Therefore  a  coefficient  of  adhesion  is  introduced.  The 
deflection  of  a  bonded  beam  is  known  to  be  somewhere  between  the  deflection  of  a  monolithic 
beam  of  height  2(h  +  2)  loaded  by  a  force  P,  and  the  deflection  of  a  single  adherend  of  height  h 
loaded  by  half  that  force.  These  deflections,  in  their  nondimensional  form,  are  shown  in  Figure  19, 
The  nondimensional  end  deflection  of  the  bonded  cantilever,  p,  can  be  seen  as  the  coefficient  of 
auiicSiOu.  r:oi  y  iu  uuiiy,  mv  uviiu^u  utam  nm  vicfonTi  in  a  mutuiCi  similar  to  a  monolrtfirc 


beam,  thus  approaching  perfect  adhesion,  High  values  of  p,  on  the  other  hand,  mean  poor  adhe¬ 
sion  since  the  adherends  are  less  restrained  in  their  individual  deformation  by  the  presence  of  the 
adhesive  layer. 
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Tests  to  measure  p  are  as  easy  to  perform  as  the  single  lap  tests  that  are  usually  used  for 
quality  control.  Moreover,  this  cantilever  beam  test,  provided  that  it's  equally  ioaded  at  both 
adherends,  has  the  advantage  over  the  single  lap  test  in  that  the  adhesive  layer  really  acts  in  a  state 
of  pur;;  shear. 

2.5  Conclusions 

For  the  adhesively  bonded  cantilever  beam,  loaded  at  the  free  end,  the  shear  stress  in  the  ad¬ 
hesive  layer  not  directly  related  to  the  externally  applied  shear  force,  but  to  the  relative  displace¬ 
ments  of  the  adherends  on  each  side  of  the  adhesive  layer.  The  shear  stress  in  the  adhesive  will 
always  be  zero  a:  the  fixed  end,  arid  for  most  beams  will  reach  a  constant  value  at  some  distance 
away  from  that  end.  The  magnitude  of  thi3  shear  stress  is  dependent  only  on  the  load  and  the  ge¬ 
ometry  of  the  beaia  for  a  range  of  adhesives  that  were  called  'stifT  adhesives.  This  range  can  be 
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expanded  by  making  the  beam  longer  and  the  adhesive  layer  thinner,  thus  also  approaching  a  state 
of  constant  shear  for  the  whole  length  of  the  beam. 

For  a  large  part  of  the  beam  an  almost  ideal  state  of  pure  and  constant  shear,  the  magnitude 
of  which  can  be  calculated  from  geometry  and  loading  alone,  is  then  obtained.  An  accurate  meas¬ 
urement  of  the  shear  strain  in  the  adhesive  layer,  perhaps  with  modem  optical  devices,  will  easily 
allow  the  determination  of  the  adhesive's  shear  modulus  for  the  assumption  of  linear  elastic  adhe¬ 
sive  behavior. 

'Hie  use  of  deflection  measurements  to  obtain  adhesive  properties  seems  less  promising,  al¬ 
though  the  test  would  be  easy  to  perform.  Short  beams  and  their  adhesive  layers  are  necessary  to 
obtain  some  sensitivity  of  the  deflection  to  the  adhesive's  shear  modulus,  thus  restraining  the  basic 
assumptions  of  the  underlying  theory  and  making  the  shear  stress  highly  dependent  on  position 
along  the  length  of  the  beam.  A  graphical  method  was  presented  to  obtain  the  shear  modulus  di¬ 
rectly  from  the  measurement  of  the  end  deflection  of  the  beam. 


3.0  STRESS-FUNCTION  SOLUTION 

3.1  Introduction 

A  stress-function  approach  to  a  solution  for  the  stress-state  in  a  bonded  cantilever  beam, 
loaded  at  the  end,  is  taken  in  this  chapter.  The  solution  of  the  previous  chapter  will  be  referred  to 
as  the  strcngth-of-materials  solution.  To  the  three  basic  assumptions  of  this  strcngth-of-materials 
solution  -  Euler- Bemouilli  beam  theory,  linear  elastic  material  behavior,  and  pure  shear  in  the 
adhesive  layer  —  a  fourth  is  added.  It  is  assumed  that  the  shear  stress  in  the  adhesive  layer  is  con¬ 
stant  along  the  length  of  the  beam. 

From  the  strength-of-matcrials  solution  is  known  to  vary  along  the  length  of  the  beam, 
going  from  zero  at  the  fixed  end  to  usmJy  a  stable  value  some  distance  away.  It  was  also  seen  that 
the  higher  the  joint  parameter  a,  the  more  a  state  of  constant  shear  for  the  whole  beam  is  approx¬ 
imated,  a  high  5  meaning  relatively  long  beams  and  thin  adhesive  layers.  For  those  high  a  beams, 
the  constant  shear  assumption  may  be  a  reasonable  approximation.  The  consequences  of  this 
constant  shear  assumption  are  studied  in  the  present  chapter. 

According  to  the  basic  assumption,  polynomial  stress  functions  will  be  proposed  for  the  three 
layers  of  tire  beam.  ITic  constants  in  these  stress  functions  are  then  to  be  evaluated  using  the 
boundary  conditions.  Differentiation  of  the  stress-function3  twice  leads  to  the  stresses  in  the  beam; 
strains  are  found  using  Hooke's  law  and  displacements  by  integration  of  the  strain  expressions. 
Finally  a  comparison  of  both  solutions  will  be  made. 

A  slightly  different  notation  will  be  used  for  this  stress-function  analysis:  h  will  now  be  half 
the  thickness  of  the  total  beam,  including  the  adhesive  layer,  whereas  h  was  the  thickness  of  an 
adherend  only  in  the  strength  of  materials  solution  (Figure  20).  This  change  was  made  not  to 
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confuse  the  reader,  but  to  obtain  the  simplest  possible  expressions  in  both  solution  "Hie  cantilever 
is  symmetric  with  respect  to  the  x-axis,  which  has  its  origin  at  the  fixed  end.  Sub-  and  superscripts 
1,  0  and  2  on  stress,  strain,  and  displacement  symbols,  will  refer  respectively  to  the  lower  adhcrend, 
the  adhesive  layer  and  the  upper  adhcrend  respectively  (Figure  21).  Gt  is  the  adhesive's  shear 
modulus;  the  material  properties  of  the  adherends  carry  no  subscripts. 


Figure  21.  Geometry  of  the  bonded  beam  for  the  stress  fraction  solution. 


3.2  Stress  State  in  the  Beam 

3.2.1  Stress  Function  Analysis  ( 13) 

in  an  elasticity  problem,  in  this  case  a  two-dimensional  plane  stress  problem,  three  families 
of  equations  need  to  be  solved  simultaneously  subject  to  the  boundary  conditions.  These  are  the 
equilibrium  equations,  the  compatibility  equations,  and  the  constitutive  equations, 

The  stresses  existing  on  a  small  element  of  dimension  dx  and  dy  in  a  state  of  plane  stress  is 
shown  in  Figure  22,  All  stresses  are  shown  in  their  positive  direction.  Assuming  body  forces  arc 
zero,  the  equilibrium  equations  for  this  stress  state  are, 
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Figure  22.  Stream  in  a  two-dime naiorutJ  problem. 


fax  + 
dx  dy 


0 


[3.11 


<ksv  <Hvv 

if  +  if  "  0 


13.2] 


In  order  to  solve  these  equations,  subject  to  boundary  conditions,  the  elastic  deformation  of  the 
body  needs  to  be  considered.  If  u  and  v  are  the  displacement  components  of  some  part  in  the  body 
in  the  x  and  y  directions,  respectively,  then  the  three  strain  components  for  two  dimensional 
problems  are  given  by, 


du 

dx 


3v 

dy 


[3.3a] 
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[3.3d) 


du  +  _dv 
dy  dx 
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These  three  equations  can  be  combined  into  one  which  the  strain  components  must  obey  and 
which  is  called  the  compatibility  equation, 


_  ^yxy 
dy2  dx 2  ~  Bxdy 
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Using  Hooke's  law, 


ex  =  -£  (ajc  “  (3.5a] 
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and  assuming  a  plane  stress  state,  the  compatibility  equation  can  be  expressed  in  terms  of  the  stress 
components,  resulting  in  the  equation 


[ox  +  oj 
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[3.6] 


To  find  the  stresses,  equations  [3.1],  [3.2]  and  [3.6]  must  be  solved  taking  into  account  the 
boundary  conditions.  All  this  can  be  done  numerically,  or  analytically  by  introducing  the  so-called 
stress-function,  <p,  defined  as: 
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The  equilibrium  equation  (3.1]  and  [3.2]  are  then  satisfied  by  definition,  so  that  the  stress  function 
only  needs  to  fulfill  the  compatibility  condition,  leading  to, 

-^2-  +  2  ,  +  -^2.  =  0  13.8] 

dx4  ex'  dy1  dy4 

As  stated  by  Timoshenko  and  Goodier  (13),  solutions  of  (3.8]  in  the  form  of  polynomials  are 
of  interest  in  the  case  of  'long'  rectangular  beams,  Tong'  meaning  a  length-to-strcss  ratio  of  10  or 
more.  How  to  choose  a  'suitable'  polynomial  is  the  subject  of  the  next  section. 

3.2.2  Choice  of  the  Stress  Function  Considering  the  Basic  Assumptions 

Both  adherends  and  adhesives  must  be  lineal'  elastic;  otherwise  the  stress  function  method, 
which  explicitly  uses  Hooke's  law,  would  not  be  valid-  Constant  and  pure  shear  is  assumed  in  the 
adhesive  layer.  To  obtain  a  state  of  pure  shear,  the  adhesive  layer  must  be  thin  and  deformable  as 
compared  to  the  adherends.  The  normal  stresses,  o„,  in  the  adherends  are,  according  to  the  Euicr- 
Bemoulli  beam  theory,  assumed  to  vaiy  linearly  over  the  adherend's  thicknesses.  Also,  in  the 
Euler-Bemoulli  beam  theory  there  are  no  transverse  normal  stresses  <yy 

Three  different  stress  functions,  <pi,  <p2  and  <p0,  for  each  layer  of  the  beam,  will  be  'tailored' 
to  the  aforementioned  basic  assumptions.  The  coefficients  of  the  terms  in  the  resulting  polynomials 
wiii  have  to  be  found  using  the  boundary  conditions  on  outer  surfaces  and  adherend-adhesive 
interfaces. 

The  stress  function  for  the  adhesive  layer,  <p0,  is  the  easiest  to  obtain.  Because  of  the  constant 
and  pure  shear  assumption,  and  the  definition  of  the  stress  function  in  equation  (3.7),  <p0  will  con¬ 
tain  only  one  term  and  is  given  as, 

<Po  =  l3-9! 

Lower  order  terms  are  useless  since  they  will  always  be  differentiated  away.  The  shear  stress  in  the 
adhesive  layer  is  then  given  by, 
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13.10) 


o  _  <32(p0  _  _ 

v  3xdy 

In  simple  beam  theory,  the  normal  stress  ctx  is  linearly  dependent  on  the  applied  moment  at  a  cer¬ 
tain  point  along  the  longitudinal  axis.  Because  the  moment  in  our  cantilever  beam  is  a  linear 
function  of  x,  a,  will  also  be  linearly  dependent  on  x.  Moreover,  o*  will  be  linear  in  y.  Thus,  the 
proper  functional  form  of  ox  is, 


°x  ■  («i*  +  +  fi»)  [3  11] 

Integrating  equation  (3.11]  twice  with  respect  to  y  leads  to  the  general  form  of  the  stress  function 
in  the  adherends, 

9  =  c  xj>2  +  d  xy3  +  e  xy  +  f  y1  +  g  y3  [3.12] 

where  c,  d,  e,  f,  and  g  are  constants  to  be  determined. 

No  quadratic  or  higher  order  terms  in  x  are  present  because  of  the  condition  of  ~  0.  Con¬ 
stant  terms  or  terms  linear  in  x  or  y  only  are  omitted  because  they  do  not  lead  to  stresses. 

For  the  lower  and  upper  adherend  and  for  the  adhesive  layer,  respectively,  the  following  stress 


functions  will  be  used: 

<Pl  =  cxxy 2  +  dtxy3  +  exxy  +  fxy2  +  gxy3  [3.13<i] 

9:  “  cjxy2  +  d2xy3  +  e2xy  +  fay2  +  gy3  [3.13b) 

<Po  *  [3. 13c] 

Using  the  definition  of  the  stress  function,  the  stresses  in  the  beam  are  given  by, 

o*  =  2c1x  +  6dxxy  +  2 fx  +  6gxy  |3.14u] 

o2x  =  2  CjX  +  6d2xy  +  2 f2  +  6 gy  [3. 146] 

i‘xy  =  ~  2 cty  -  3 dxy2  -  e,  [3.14c] 
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[3. 14rf) 


-  2c2 y  - 


(3.144 


where  c,.,  d„  eitf  ,  and  g,  are  the  constants  to  he  evaluated  using  the  boundary  conditions. 


3,2.3  Boundary  Conditions 


In  this  section  boundary  conditions  on  stresses  and  displacements  will  be  expressed  in  terms 
of  the  stress  function  constants  leading  to  a  set  of  linear  algebraic  equations  for  which  only  the  re¬ 
sults  will  be  given. 


The  shear  stresses  along  the  upper  and  lower  outer  surfaces  of  the  adherends  are  zero: 


y  ~  h  ->»  tL  =  0  -»  —  2 C[/»  —  3d]A2  —  el  —  0 


y  -  ~h  -*  xL  =  0  -*  Ic^h  -  2d2h*  -  c2  =  0 


Shear  stresses  at  both  side  of  the  adherend-adhesive  interface  must  be  equal: 


y  *  t  -*  =  xL  et  «  2C]<  +  3 dxt7  +  e, 


y  =  -t  -  t®,,  =  x\y  -*  e0  «  -2c2f  +  3 d2t2  +  e2 


Normal  stresses  on  the  free  ends  of  the  adherends  are  zero  for  all  values  of  y: 


x  =  t  -»  Oj  =  0  -»  2C[t  +  (sdxiy  +  2f\  +  6g^y  =  0 


fi  ~  c\t 


El  *  - 


o2  =  0  -»  2 Cj€  +  6 d2ly  +  2f2  +  fyg^y  -  0 
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[3.21] 


h  ~ 

—  Cjt 

&  = 

-  d2t 

(3.22) 


The  integral  of  the  shear  stresses  over  the  thickness  of  the  beam  is  equal  to  the  externally  applied 
shear  force  per  unit  width  of  the  beam,  for  each  value  of  x.  In  the  cast  of  the  cantilever  loaded  at 
the  end,  this  shear  force  is  constant  and  equal  to  P.  Because  of  the  symmetry  of  the  beam  about 
its  mid-surface,  the  integral  can  be  split  into  two  parts,  one  for  the  upper  and  one  for  the  lower  half, 
each  equalling  half  of  the  applied  load. 


,h  ,  P 

=  -j 

2  .  ,  /-O  0.  P 

[-h'xyty  +  | 

joTJ <.ydy  +  1/  zxy  dy  = 

— ■ 

te0  +  c,(/i5  -  t 2)  +  rf|(A3  -  r3)  +  Cl (h  -  t)  « 

Je o  +  c2(t2  -  h7)  +  d2(h3  -  I3)  +  *2(A  “  I)  “ 

Equations  [3. 1 5]  to  [3.24]  now  provide  ten  equations  in  the  eleven  unknown  constants.  Those 
ten  conditions  are  all  stress-related,  none  of  them  containing  material  properties.  The  last  condition 
will  have  to  express  compatibility  of  displacements  on  each  side  of  the  adhesive  layer.  The  relative 
displacements  of  opposite  points  on  the  adhesive-adherend  interfaces  must  be  related  to  the  shear 
strain  in  the  adhesive  layer  (Figure  23).  Obtaining  this  condition  will  require  elaborate  calculations, 
and  it  will  even  be  proved  to  be  impossible  to  satisfy  such  a  continuity  condition  for  the  whole 
length  of  the  beam  due  to  the  constant  shear  stress  assumption.  By  definition,  the  engineering  shear 
strain  in  the  adhesive  layer  y*,,  is  given  by, 


2b 


P 

2b 


[3.23] 

[3.24] 
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Figure  23.  Deformation  of  an  element  of  adhesive  in  the  adhesive  layer. 


$ 


y%  -  0i  +  e2 


1*25] 


or,  assuming  small  angles, 


Y°  =  AH.  + 

y*>  2? 


v2  + 


dv2 

u 


Ax  -  v2 


Ax 


13.26) 


where  Au  is  the  horizontal  component  of  the  relative  displacement  of  two  opposing  points  on  cither 
side  of  the  adhesive  layer,  and  v2  is  the  vertical  displacement  of  the  interface  point  on  the  upper 
adherend. 


a 

i 


S 
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Au  =  «i  O'  =  t)  -  «2  0 


0 


The  compatibility  condition  is  then, 


Using  the  expressions  for  the  stresses  in  the  adherends  and  equations  (3.14),  together  with  Hooke's 
law'  and  considering  that  there  are  no  vertical  normal  stresses,  the  displacement  fields  in  the 
adherends  can  be  obtained  by  integration  of  the  normal  strains.  Equations  [3.21]  and  (3.22]  are  also 


Similarly, 


v2  "  j  ey2  dy  ~  “  -j?  f  (2  c2(x  -  i)  +  6'Mj  (x  -  t)\dy 
•  *"  -j  (2ciy  +  Hy2)(*  - 1)  +  v2(x) 


V,  -  -  (2c,j>  +  5dty2)(x  -  t)  +  K,(x) 


The  horizontal  displacements  are  obtained  by  integration  of  e„ 


u\  =  •  4r(Ci*2  +  ldxx2y  -  2cxtx  -  +  Uy(y) 


Uj  ~  j  ey  <£x  ~  ~p\c2x"  +  y  "  2c2Lx  —  6d2cxy)  4-  i/jty) 


^i(y).  Ui(y),  Vi(x)  and  V2(x)  are  to  be  evaluated  using  compatibility  equations  (3.33J  within  each 
adherend,  together  with  the  boundary  condition  on  the  displacements  (i  =  1  or  2). 


dtij  jty  _  i 

dy  dx  ^  G 


Substitution  of  the  displacement  expressions  in  this  equation  results,  for  the  lower  adherend,  in, 


Fix)  +  G(y)  *=■  - 
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where 


H*)  = 


dV{{x) 


^  +  X(3J‘x2  "  =  *> 


[3.35] 


0(y).lML  +  lf  +  ^-  i(Jw  +  3V)  -  *, 


|3.36| 


The  right-hand  side  of  equation  [3.34]  is  a  constant  and,  because  the  sum  of  the  independent 
functions  F(x)  and  G(x)  is  a  constant,  each  function  must  be  a  constant  also.  Equations  [3.35]  and 
[3.36]  are  then  integrated  to  find  Uj(y)  and  Vi(x),  in  which  expressions  four  integration  constants, 
Ki  to  IC4,  remain  to  be  evaluated.  Replacing  Ui(y)  and  Vi(x)  in  equation  [3.30]  and  [3.31]  results 
in  the  following  displacements, 


u,  - 


~2?(CjX2  4-  3djX2y  —  2ctlx  —  6dttxy)  +  k^y  4  k4  + 
h 


//■  l.2  4-  j.vh - SL,;2  - 

\~IS  -IS  /  Qj  -1  Q 


[3.37] 


•-  +  3 dtf\x  -  !)  +  kxx  +  k.3  -  -^( d \x3  -  3 d,f*)  [3.38] 


Usually,  for  isotropic  beams,  boundary  conditions  for  displacements  are  evaluated  at  the 
midsurface  of  the  beam  or,  for  simple  beading,  the  neutral  axis,  which  position  is  an  unknown  in 
the  case  of  the  bonded  cantilever.  What  is  known  is  that  the  neutral  surface  must  lie  somewhere 
between  the  midsurface  of  each  adherend  and  the  midsurface  of  the  bonded  beam.  In  order  to  re¬ 
trieve  the  deflection  of  an  isotropic  beam  in  the  perfect  adhesion  case  ,  the  boundary  conditions  are 
expressed  for  x  and  y  equal  to  zero.  This  is  an  artificial  choice  since  the  origin  is  no  part  of  the 
adherends  if  an  adhesive  layer  is  present,  but  leading  to  acceptable  results. 

The  boundary  conditions  are  that  there  is  no  vertical  or  horizontal  displacement  at  the  origin 
and  that  a  vertical  element  should  stay  vertical  after  deformation.  The  latter  condition  implies  that 
the  derivative  of  the  horizontal  displacement  with  respect  to  y  must  be  zero  ((13),  pp.  41-46). 


x  —  0 


M  -  0 


at 


y  =  0 


v  ! 
du^ 
dy 


The  resulting  integration  constants  are, 


13.39] 


k2  -  k3  a  k4  ~  0  and  kx  *  —  ~  (3.40] 

which  when  substituted  in  equations  [3.37]  and  [3.38]  give  the  following  displacements  in  the  lower 
adherend, 

“l  “  +  3d,x2j>  -  2c, tx  -  6dxtjcy)  +  -^-{c^2  +  dty3)  -  ~  y2  -  (3.41] 

v,  =  -  -£(2c0,  +  3d,y2)(x  -  l)  -  -§-x  -  ~^dxx2  -  3 d,£x)  [3.42] 


Similarly  for  the  upper  adherend, 


“2 


=  F(c2x2  +  3djX2y 


2cjtx  - 

4/- 


6</2€xy)  +  -^(cjy2  +  d^3) 


|3.43] 


v-,  ~  -  -^f2o»v  +  3<&v2)(x  -•  £)  -  -~x  — vrldox2  -  3tfi€x) 

b  ~  '  ‘  o  n  ■  - 


13.44] 


Using  these  displacements,  the  right-hand  side  of  the  compatibility  condition  [3.28]  will  be  an  ex¬ 
pression  containing  terms  in  x  and  x2  as  well  as  constants. 


U|Q>  =  0  -  Ujjy  =  -/)  +  dv2_ 


2 1 


dx 


O' 


~0  -  A*°.  x\  X2) 


(3.45] 


If  compatibility  is  satisfied  everywhere  along  the  length,  this  function  f  should  equal  y°xf  for 
each  value  of  x,  an  impossible  result  because  of  the  assumption  of  constant  shear  stress  (and  hence 
constant  shear  strain)  in  the  adhesive  layer.  Thus,  the  price  paid  for  the  constant  shear  stress  as¬ 
sumption  is  that  compatibility  of  displacements  through  the  adhesive  thickness  will  not  be  satisfied 
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everywhere.  In  fact  the  condition  can  only  be  satisfied  in  one  point,  or  at  most  two,  since  equation 
{3.46]  is  a  quadratic  one. 


A* . 


o  .1  _  J>  _  22L 

'  }  Ga 


13.46] 


From  the  strenglh-of-materials  solution  the  shear  stress  is  known  to  be  constant,  in  most 
cases,  for  a  part  of  the  beam  near  the  loaded  end.  Therefore  the  one  point,  for  which  the  condition 
will  be  assumed  to  be  satisfied,  will  be  the  end  point,  x  —  t,  Equation  [3.46)  expressed  at  x  =  £, 
will  then  provide  the  eleventh  and  last  equation  in  the  eleven  unknown  stress-function  constants. 


~i -ext1  -  3d,€J0  +  -^c, t 2  +  d,f3) 

-  -  c^t2  +  id2t2t)  +  -  d/)  -  +  ~^r 


2 1  - 


Hill  _  2leo 
f  I"  G, 


1347] 


Solution  of  the  set  of  linear  algebraic  equations  results  in, 


d,  « 


P  N 


2bh 


3  D 


]3.48] 


~h  ■  -  =  c2t  =  - 


Pt 
2 bh2 


Tfjt1  p*i 


Si  *  ft 


_Pt_N_ 
Ebb3  D 


|3.50] 


6 


«b  ■  - 


P  _ 
bh  l 


£7f^--f<,-“3>]--Hr£  >3-5" 


in  which, 


°mt 


]3.53] 
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I3.54J 


N 


- 1  +  '  -f [f 2  “  +  v“1t]! 

D  -  2(1  -  co3>  +  |-]2©(1  “  *>)4 

~  |-]co(l  ~  CO)  (1  -  <0  +  3a,2  -  CO3)  +  2v[|-]V(l  -  to) 


[3.55] 


To  each  term  in  both  N  and  D,  a  physical  meaning  can  be  attached.  The  first  term  is  related 
to  bending  deformation  of  the  adherends,  the  second  to  the  presence  of  the  adhesive  layer,  the  third 
to  the  shear  deformation  of  the  adherends,  and  the  last  to  Poisson  effects.  In  the  case  of  relatively 
stiff  adhesives,  such  as  epoxies,  there  is  roughly  an  order-of-magnitude-difference  between  any  two 
consecutive  terms,  decreasing  from  the  bending  to  the  Poisson  term.  This  difference  is  for  beams 
that  are  not  too  long. 


i^vjW  mult  uiw  constants  have  been  found, 


tresses  and  displacements  in  adherends  and 


adhesive  can  be  obtained  by  simple  substitution  in  the  appropriate  aforementioned  expressions. 


Note  again  that  this  solution  is  an  approximate  solution,  satisfying  all  equilibrium  conditions, 
satisfying  compatibility  within  each  layer  separately,  but  satisfying  compatibility  of  displacements 
on  both  sides  of  the  adhesive  layer  in  only  one  point.  Increasing  the  order  of  the  polynomial  for 


the  stress  function,  «p0,  could  account  for  a  vai/iug  sucoi  stress  in  the  adhesive  layer  that  would 


immediately  imply  that  the  dependence  of  the  normal  stresses  on  x  in  the  adherends  would  no 
longer  be  linear,  thus  requiring  higher  order  polynomials  for  the  adherend's  stress  functions.  The 
only  result  would  be  for  the  analysis  to  become  more  laborious  and  expressing  the  through-the- 
adhesive-compatibility  would  lead  to  a  higher  order  equation  than  quadratic  in  x.  These  results 
would  mean  that  compatibility  could  never  be  completely  satisfied  using  polynomial  stress  func¬ 
tions. 
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3.2.4  Shear  Stress  in  (hi.  Adhesive  Layer 


Because  the  shear  stress  in  the  adhesive  equals  minus  e0i  t®,  is  found  immediately  to  be, 


**  bh  1 


0_[, 


In  section  4  of  this  chapter,  the  shear  stress  given  by  equation  [3.56]  will  be  compared  to  the 
maximum  shear  stress  in  the  adhesive  layer  as  obtained  in  the  strength-of-materi&ls  solution.  It 
will  also  be  determined  whether  expression  [3.56]  can  be  related  to  the  simple  cases  of  perfect  ad¬ 
hesion  and  no  adhesion. 

Hypothetically,  the  case  of  perfect  adhesion  is  encountered  when  the  thickness  of  the  adhesive 
layer,  or  its  dimensionless  form,  to,  approaches  zero,  as  shown  below. 


V  tiL  —  1  4-  G  4-  Q  -r  Q 

gj-To  2  +  0  +  0  +  0 


..  o  =  JLfl  _  n  ,  3 P  _  3P 
^  V  bh  0  ])  +  4 bh  4 bh 


Obviously,  after  taking  the  necessary  limits,  the  maximum  shear  stress  at  the  midsurface  of  an 

KAtronir  r'ar»Ti1#»\mr  l*  rptnpuprl  l-<V\r  iKp  pqcp  nf  nr\  arUiAcinn  fZ  «mr\r/\fipV»Au  mablo r>  tUa  aap. 

•wwm  WMBVUV  tv*  «>  •••*■•«  *  •  m.  MW  »4V  «*»IIVW*V*4f  VMV1IVU  (A/>  V|  ItHVUltg  VUW  kJW 

ond  term  in  N  and  D  the  dominant  one.  Taking  the  double  limit  for  both  G,  and  to  going  to  zero, 
tJ,  is  logically  found  to  be  vanishing. 


hm  -jj- 
C.-fO  u 


2 E 

c; 

[i: 

J2  co(  1  —  to) 

E 

Ga 

-c|<^ 

2  to(l  -  to)4 

lim  t” 
G.  — >0 

u-+0 


—  Cl-4]  +  x  2  =  0 
bhL  J  2 bh 
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3.3  Deflection  of  the  Cantilever 


Replacing  the  stress  function  constants  by  their  solution  in  equations  (3.42]  or  (3.44]  results 
in  the  wanted  deflection  equation.  If  transverse  effects  are  ignored,  each  point  of  the  beam  for  a 
certain  x  moves  downward  the  same  amount. 


v 


-j<*3  -  3t*2) 


13.61] 


y 


3  Px  N 
2  Gbh  D 


-L-JUx*  -  36c2)  [3.62] 
2 Ebh3  D 


The  end  deflection,  8,  is  then, 


x  =  W3  N 
Ebh 3  D 


+ 


Pi 

Gbh 


1  -  a? 


2 N  1  -  to3  +  JW 
D  i  -  to2 


(363] 


Like  for  the  strength-of-materials  solution,  graphs  can  be  made  of  8  as  a  function  of  the  adhesives 
defonnability  for  various  adhesive  thicknesses  and  beam  lengths.  Because  the  strength  of  materials 
approach  is  obviously  the  more  acceptable  solution,  only  one  case  will  be  examined  for  comparison 
in  the  next  section. 


8  can  also  be  written  as  a  bending  deflection  factor  multiplied  by  a  dimensionless  coefficient, 
P,  as  in  the  earlier  solution. 


5 


PI 

2Ebh 


|3.64] 


(3.65J 


3.4  Comparison  of  the  Two  Solutions 

A  graphical  comparison  of  the  dependence  cn  the  adhesive's  deformabilily  of  the  shear  stress 
in  the  adhesive  and  the  end  deflection  of  the  beam  will  be  made  for  a  beam  of  a  given  geometry. 
Expressed  in  the  notations  of  this  chapter,  its  characteristics  will  be:  t/h  =  0.1  and  1/h  =  10. 
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In  order  to  compare  equivalent  quantities,  the  dimensionless  shear  stresses  ?  and  the 
dimensionless  end  deflections  p  have  to  be  expressed  for  an  identical  definition  of  h.  In  Chapter 
2,  the  maximum  shear  stress  in  the  adhesive  layer,  r™**,  and  the  end  deflection,  5,  were  found  to 
be, 


tmax  _  P _ 1  [  I  —  I  1 

**  bhy2  (1  +  2t/h)  L  cosh  a  J 


[2.41] 


5  - 


n  Pt 3 

P  2Ebh\l  +  f/A)3 


[2.56J 


In  these  expressions,  all  parameters  containing  h  need  to  be  transformed  to  the  definition  of 
h  in  this  chapter,  which  are  half  the  thickness  of  the  total  beam.  This  process  is  cumbersome  and 
not  too  relevant  and  leads  to, 


mix  _ 

x*y  " 


[3.66J 


and 


6  “ 


[3.67{ 


In  equations  (3.65J  and  [3.67],  t*  and  3*  are  the  transformed  dimensionless  maximum  shear  stress 
in  the  adhesive  and  the  transformed  dimensionless  end  deflection  of  the  beam.  They  are  compared, 
in  Figures  24  and  25,  to  their  equivalents,  t  and  as  obtained  in  the  stress  function  solution. 
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Figure  24.  Comparison  of  the  shear  stress  in  the  adhesive  for  the  two  solutions. 


figure  25. 


CossfiiHoa  of  the  cal  deflect™  ef  the  bssn  for  both  telei-css. 


Generally,  both  solutions  show  good  agreement,  cjp^oially  for  the  end  deflection  values  in 
Figure  25.  In  each  figure,  identical  asymptotic  values  are  reached  and  major  changes  occur  for  the 
same  interval  of  adhesive  deformability  E/Gm.  To  obtain  an  estimate  of  the  end  deflection  or  the 
maximum  shear  strain  in  the  adhesive  layer  of  a  bonded  cantilever,  both  solutions  can  be  used. 
When  it  comes  to  using  these  quantities  to  actually  calculate  the  adhesive  shear  modulus,  slight 
changes  in  shear  stress  or  deflection  can  lead  to  huge  differences  in  adhesive  propert:es.  Therefore, 
the  solution  based  on  the  less  restraining  assumption-  the  stre:igth-of-materials  solution,  in  other 
words  -■  should  be  preferred  over  the  other. 

Other  geometries  such  as  those  used  for  this  comparison  lead  to  similar  graphs.  They  will 
be  only  somewhat  shifted  along  the  horizontal  axis,  like  the  curves  presented  in  Chapter  2. 
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3.5  Conclusions 


In  this  chapter,  a  stress  function  solution,  based  on  a  hypothetical  constant  shear  state  in  the 
adhesive  layer,  was  presented.  That  restraining  assumption  led  to  incomplete  satisfaction  of  the 
compatibility  condition  or  displacements  on  both  sides  of  the  adhesive  layer.  Therefore  this  sol¬ 
ution  should  be  handled  with  some  caution. 

When  compared  to  the  strength-of-materials  solution,  both  solutions  showed  good  general 
agreement.  The  differences  that  were  noted,  however,  proved  too  important  to  enable  use  of  the 
stress  function  solution  to  calculate  the  adhesives'  shear  modulus.  The  strength-of-materials  sol¬ 
ution  is  to  be  preferred  over  the  stress-function  solution  because  of  its  less  restraining  assumptions. 
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4.0  NUMERICAL  EVALUATION  OF  THE  STRENGTH  OF  MATERIALS 
SOLUTION 

4.1  Introduction 

The  strength  of  materials  solution  as  presented  in  Chapter  2  will  be  evaluated  using  the  finite 
dement  code  VISTA.  The  elements  used  are  8-node  isoparametric  quadrilateral  elements.  Hor¬ 
izontally  the  cantilever  is  subdivided  into  16  elements  with  refinements  to  x’ards  both  the  loaded  and 
the  fixed  ends;  vertically  the  adherends  and  adhesive  layer  each  contain  4  dements  (Figure  26). 


For  a  number  of  geometries  the  shear  stress  distribution  in  the  adhesive  layer  and  the  end 
deflection  are  analyzed,  and  the  results  are  summarized  in  Table  2.  Starting  from  a  'standard  beam' 
(case  3  in  the  table)  for  each  run  one  of  the  beam  characteristics,  either  the  slenderness  of  the  beam, 
the  thickness  of  the  adhesive  layer,  or  the  stiffness  of  the  adhesive,  was  changed. 

4.2  Shear  Stress  in  the  Adhesive  Layer  (Table  2) 

Three  features  of  the  shear  stress  distribution  in  the  adhesive  layer  will  be  discussed:  its  var¬ 
iation  along  the  length  and  over  the  thickness  of  the  adhesive  layer,  and  its  dependence  on  ge¬ 
ometrical  and  adhesive  parameters. 

For  cases  1,  3  and  4  in  Table  2,  the  shear  stress  in  the  middle  of  the  adhesive  layer  as  obtained 
using  finite  elements  is  compared  to  the  analytical  solution  in  Figure  27.  In  this  figure,  two  features 
catch  the  eye:  first  and  most  important,  the  excellent  agreement  between  numerical  and  theoretical 
values;  and,  second  that  something  happens  to  the  numerical  shear  stress  a:  the  loaded  end  of  the 
beam.  The  reason  for  this  numerical  instability  is  the  very  high  stress  gradient  at  the  extreme  end 
of  the  adhesive  layer.  Since  the  outer  surface  of  the  adhesive  layer  is  free  of  stresses,  the  shear  stress 
in  the  adhesive  layer  should  drop  'instantly,'  meaning  over  a  very  short  distance,  from  its  maximum 
value  to  zero,  for  x  is  equal  to  €.  This  end  effect  cannot  be  included  in  the  strength-of-materials 
solution  and  can  only  be  accurately  evaluated  with  a  highly  refined  element  mesh  in  the  neighbor¬ 
hood  of  the  singularity. 
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Figure  27.  Comparison  of  numerically  and  theoretically  obtained  shear  stress, 


One  of  the  basic  assumptions  of  the  sir.  agth-af-xnaterials  solution  was  that  the  adhesive  acts 
hi  a  state  of  pure  shear;  in  other  words  that  the  shear  stress  docs  not  vary  over  the  adhesive  thick¬ 
ness.  This  assumption  is  numerically  confirmed  in  Figure  28.  In  this  figure,  the  'variation'  of  the 
shear  stress  over  the  adhesive  thickness  for  various  positions  along  the  length  of  the  beam  is  pic¬ 
tured,  showing  only  a  veiy  slight  change  in  magnitude  near  the  loaded  end. 
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A  limited  numeiical  parametric  study  of  the  maximum  shear  stress  in  the  adhesive  layer  is  also 
conducted.  Because  of  the  numerical  problem  near  the  end  of  the  beam,  the  values  -fin.el.,  as 
they  are  given  in  Table  2,  are  obtained  by  extrapolation  of  the  undisturbed  shear  stress  curves. 
Divided  by  P/bh,  these  maximum  shear  stresses  can  be  compared  to  those  obtained  by  the  the¬ 
oretical  solution,  for  example  by  superposing  them  on  Figure  31 ,  resulting  in  Figure  29.  Again,  very 
good  agreement  between  numerical  and  theoretical  values  is  noted. 


Figure  29„  Comparison  uf  numerically  and  theoretically  obtained  maximum  shear  stress  values  in  the 
adhewive  layer. 


It  can  thus  be  concluded  that  the  shear  stress  distribution  in  the  adhesive  layer  can  accurately 
be  described  by  its  strength -of- materials  solution. 
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for  the  other.  This  normal  stress  distribution  is  very  similar  to  the  one  obtained  near  the  ends  of 
the  overlap  in  lap  joints,  where  these  large  tensile  stresses  are  called  peel  stresses. 

Because  of  the  linearity  assumption,  the  normal  stresses  in  Figure  31  change  signs  only  when 
the  cantilever  is  loaded  at  the  upper  adherend  and  large  compressive  stresses  are  induced.  As  a 
matter  of  fact,  the  stresses  as  shown  in  Figure  31  are  those  that  are  obtained,  except  for  the  sign 
of  the  normal  stresses  ot,  at  the  supported  ends  of  a  beam  in  three-point  bending.  In  the  middle 
of  such  a  beam,  where  the  load  is  applied,  an  additional  compressive  zone  exists. 


Figure  31.  Shear  stresses  and  normal  vertical  stresses  in  the  adhesive  layer  for  one  sided  loading. 
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4.4  Deflection  of  the  Beam 


The  end  deflections  obtained  by  finite  element  analysis  are  compared  to  the  theoretical  values 
in  Table  2  and  Figure  32.  Rather  large  differences  are  hereby  noted,  the  theoretically  obtained  de¬ 
flections  being  systematically  8  to  10  percent  larger  than  the  numerical  ones.  The  reason  the  nu¬ 
merically  obtained  deflections  are  smaller  is  that  they  are  computed  for  a  plane  strain  assumption 
whereas  Euler-  Bemouilli  beam  theory  is  based  on  a  plane  stress  situation,  an  option  which  is  net 
provided  in  vista.  A  plane  strain  situation  is  found  in  bending  of  plates  where  transversal  etfects 
increase  the  baling  stiffness  by  a  factor  1/1-v2  (13,  pp.  288-290).  For  metals  this  increase  means 
that  the  bending  stiffness  in  the  case  of  plane  strain  will  be  about  10  percent  larger  than  for  a  plane 
stress  case,  which  increase  accounts  for  the  10  percent  difference  that  was  noticed  between  numer¬ 
ical  and  theoretical  values. 


Figure  32. 


Comparison  of  the  end  deflection  of  the  beam  obtained  by  finite  element  analysis  and  by  the 


strength-of-materiais  solution. 


In  Figure  33  the  vertical  displacements  of  the  cantilever  as  obtained  from  finite  element 
analysis  and  from  the  strength-of-materials  solution  are  shown.  In  Figures  34  and  35,  the  de¬ 
flections  are  depicted  for  two  typical  metal  adhesive  combinations:  steel  adherends  bonded  by  a 
rubber  adhesive  and  aluminum  adherends  bonded  by  ail  epoxy  adhesive,  respectively  used  in  the 
automotive  and  aerospace  industries.  They  are  compared  to  the  deflections  in  the  cases  of  'no 
adhesion'  and  'perfect  adhesion.'  It  is  seen  that  for  the  rubber-steel  beam,  because  of  the  very 
deformable  adhesive  layer,  a  very  thin  layer  of  the  beam  already  leads  to  a  large  difference  in  the 
case  of  perfect  adhesion,  in  contrast  to  the  epoxy-aluminum  beam  where  a  third  adhesive  layer  is 
necessary  to  obtain  some  sensitivity  of  the  deflection  to  the  presence  of  the  adhesive  layer. 


Figure  33.  Comparison  of  the  deflection  of  the  cantilever  beam  obtained  by  finite  elements  and  by  the 
streugth-of-matcrials  solution. 
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Figure  34.  Deflection  of  a  steel-rubber  beam,  compared  to  the  cases  of  'perfect  adhesion'  and  'no  ad¬ 
hesion':  (E  —  30  msi  (207  GPa),  Ga  “  357  psi  (2.46  MPa);  plane  lines:  theoretical 
values;  slashed  line:  finite  element  values). 


Figure  35.  Deflection  of  an  alumim  m-epoxy  beam,  compared  to  the  cases  of  "perfect  adhesion"  and 
"no  adhesion":  (E  ™  10  msi  (69  GPa),  G„  *=  38.5  ksi  (0.265  GPa);  plane  lines:  the¬ 
oretical  values;  slashed  line:  finite  element  values). 


4.5  Conclusions 

From  this  numerical  analysis  three  major  conclusions  can  be  drawn.  The  first  is  that  the 
adhesive  layer  behaves  indeed  in  a  state  of  pure  shear  when  the  beam  is  equally  loaded  at  both 
adherends,  and  that  large  normal  stresses  arc  induced  in  the  adhesive  layer  near  the  loaded  end  when 
the  beam  is  not  so  loaded.  Second,  there  is  excellent  agreement  for  the  shear  stress  distribution  in 
the  adhesive  layer  between  numerical  and  theoretical  results.  And  finally,  although  large  differences 
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were  noted  for  the  deflection  values,  the  agreement  between  theoretical  and  numerical  results  is 
fairly  good  considering  the  latter  are  based  on  a  plane  strain  instead  of  a  plane  stress  assumption. 
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5.0  RECOMMENDATIONS  FOR  FUTURE  WORK 


S.l  Introduction 

Some  ideas  are  presented  in  this  chapter  on  how  nonlinear  elastic  or  viscoelastic  behavior  can 
be  ouilt  into  the  strength-of-materials  solution.  Both  material  characteristics  are  in  principle  easily 
accounted  for,  but  lead  analytically  to  huge  problems. 

Also  a  possible  use  of  the  bended  cantilever  in  the  field  of  fracture  mechanics  is  mentioned. 


5.2  Nonlinear  Adhesive  Behavior 


In  the  strength-of-materials  solution  of  Chapter  2,  adhesive  behavior  was  introduced  only  in 
the  continuity  equation  (2.12j.  A  linear  elastic  shear  characteristic  for  the  adhesive  layer  was  as¬ 
sumed  there,  replacing  the  shear  strain  yff  in  the  adhesive  by, 


Ixy  = 


[2.6] 


The  same  deflection  equation  12.4J  and  continuity  equation  [2-12j  will  be  the  starting  point  in 
this  section,  except  that  the  shear  strain  in  the  adhesive  will  be  induced  as  some  nonlinear  function 
of  the  sheai  stress, 
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!n  exactly  the  same  way  as  in  Chapter  2,  the  differential  equation  will  be  derived  for  . first  by 
dc  able  differentiation  of  the  continuity  equation,  then  by  single  differentiation  of  the  deflection 
equation,  and  finally  by  combining  both  resulting  equations. 


Double  derivation  of  the  continuity  equation  with  respect  to  x, 
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Derivation  of  the  deflection  equation  with  respect  to  x, 
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Elimination  of  the  deflection  tenn  out  of  equations  [5.2]  and  [5.3]  and  some  rearrangement 
leads  to  the  dU.cential  equation  in  x„y  and  y,;1 


A  xfoxy) 

<L? 


'  W  +  2Qa  , 

AlEl 


1 

Ehi 


P\h  +  ?f) 
4  tFJ 


(5,4) 


This  equation  is  identical  to  the  one  obtained  fo.  linear  elastic  behavior  except  lor  the  first 
term  wl  ’.ch  contains  all  tnc  difficulty,  sir.ee  yxy  is  an  implicit  function  of  x.  Usinc  some  advanced 
calculus  theorems,  v  e  can  develop  that,  term, 
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These  equations  finally  lead  to  a  nonlinear  second  order  differential  equation  with  varying  coeffi  ¬ 
cients.  No  analytical  solutions  exist  for  that  kind  of  differential  equation  so  that  an  exact  solution 
can  only  be  obtained  by  numerical  means. 
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A  frequently  used  nonlinear  characteristic  is  the  power  io  w,  usually  expressing  as  a  power  func¬ 
tion  of  yv.  Considering  the  form  of  equation  [5.71,  the  inverse  relation  will  be  used  here,  expressing 
Yi»  as  a  power  function  of  xX},  (equation  [5.8)),  althougli  it  is  possible,  but  laborious,  to  express  the 
differential  equation  in  terms  of  yiy  k,  t  and  n  are  material  constants. 
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Eventually  the  differential  equation  for  the  shear  stress  in  the  adhesive  in  the  case  of  a 
power-law-material-bchavior  is  obtained. 
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5.3  Viscoelastic  Material  Behavior 

The  correspondence  principle  (15)  for  problems  in  which  one  of  the  constituent  materials 
shows  time- dependent  behavior,  and  for  wluch  an  analytical  solution  is  available,  is  used  in  this 
section.  Since  the  strenght-of- materials  solution  is  a  linear  one,  the  behavior  is  restricted  to  linear 
viscoelasticity. 

In  the  strength-ol-matcrials  solution  for  the  bonded  cantilever  subjected  to  an  end  load,  the 
shear  stress  in  the  adhesive  layer,  the  maximum  shear  stress  and  shear  strain  in  the  same  layer,  and 
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the  end  deflection  of  the  beam  were  respectively  given  by  equations  [2.34],  [2.41],  (2.421  and  [2.53]. 
These  equations  are  repeated  here.  The  adhesive  behavior  was  contained  in  parameter  5  only 
®  (equation  [2.21]). 
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According  to  the  correspondence  principle,  all  time-dependent  quantities  have  to  be  replaced 
by  their  Laplace  transforms,  s  being  the  Laplace  parameter. 
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This  leads  -  for  example,  for  the  maximum  shear  stress  •  to, 
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Then,  the  Laplace  transforms  have  to  be  written  in  their  explicit  forms,  assuming  some 
viscoelatic  model,  Kelvin  or  Maxwell  behavior  for  example,  and  some  specific  type  of  loading 
(creep  loading,  for  example)  (Figure  36). 


Figure  36.  Creep  loading. 


For  a  creep  test, 


A 

P{s)  =  4-  l5-14! 

Finally,  to  return  to  the  time  domain,  the  inverse  Laplace  transform  of  the  equation  under 
consideration  needs  to  be  taken,  a  procedure  that,  for  the  present  problem,  is  easier  said  than  done. 

5.4  Fracture  Mechanics  Application 

The  Double  Cantilever  Beam  or  DCB  test  is  a  known  fracture  test  for  adhesives  (16).  In  this 
test  the  adherends  in  a  bonded  cantilever  arc  pulled  away  from  each  other  so  that  a  crack  in  the 
adhesive  layer  will  propagate  in  mode  I  (Figure  37), 
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Figure  37.  Double  cantilever  beam  test. 
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In  the  case  of  a  bonded  cantilever  beam  loaded  at  the  end  by  two  equal  forces  in  the  same 
direction,  the  adhesive  is  now  known  to  be  in  a  state  of  pure  shear,  for  which  a  solution  is  available. 
A  crack  in  the  adhesive  layer  will  thus  propagate  in  Mode  II,  so  that  this  test  geometry  (Figure  38) 
can  be  used  to  obtain  Mode  II  fracture  energies. 


Figure  38.  Bonded  cantilever  subjected  to  an  end  load. 


Moreover,  by  making  the  end  loads  unequal,  a  mixed  mode  that  can  be  seen  as  a  superposi¬ 
tion  of  modes  I  and  II  is  obtained  (Figure  39). 
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MODE  I  MODE  II 


Figure  39=  Bonrie*!  t»nti!rvw  beam  ip.  mixed  mode  ioai'ine, 


5=5  Conclusions 


Introduction  of  nonlinear  adhesive  behavior  in  the  strength-of-materials  analysis  leads  to  a 
nonlinear,  second  order  differential  equation  with  varying  coefficients  in  the  shear  stress  in  the  ad¬ 
hesive  iaycr,  for  which  no  analytical  ooiuuur  exisis.  Numerical  analysis  is  thus  necessary  for  the 
cast  of  nonlinear  adhesive  behavior, 


Application  of  the  superposition  principle  for  linear  viscoelastic  adhesive  behavior  results  in 
equations  in  the  Laplace  domain  that  are  very  difficult  to  transform  to  the  time-domain. 

The  cantilever  Iwam  subjected  to  an  end  load  can  be  used  to  obtain  Mode  II  fracture  char¬ 
acteristics  and  can  be  combined  with  the  DCB  Test  to  obtain  mixed  mode  loading. 
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6.0  CONCLUSIONS 


Use  of  a  bonded  cantilever  beam  specimen  for  the  measurement  of  adhesive  shear  properties 
has  been  investigated.  A  strength  of  materials  type  solution  is  obtained  for  the  shear  stress  state  in 
the  adhesive  layer,  sharing  good  agreement  with  finite  clement  results. 


Gc vernal  by  the  relative  displacement  of  the  adherends  on  both  sides  of  the  adhesive  layer, 
the  shear  stress  is  shown  to  vary  from  zero  at  the  fixed  end  to  a  maximum  value  at  tire  free  end. 
For  relatively  long  beams  and  thin  adhesive  layers,  a  constant  shear  zone  exists  in  the  neighborhood 
ol  the  free  end.  Under  those  conditions,  that  maximum  shear  stress  can  be  calculated  from  a 
knowledge  of  the  load  and  the  beam  geometry  only.  Therefore,  by  measuring  the  relative  dis¬ 
placement  between  the  adherends  or  the  shear  strain  in  the  adhesive  layer,  the  shear  modulus  can 
be  determined.  Numerically  the  shear  stress  is  shown  to  be  uniform  through  the  thickness  of  the 
adhesive  layer. 


An  expression  for  the  beam  deflection  was  obtained  and  related  to  the  adhesive's  shear 


_  _ r _ _  ..  .j  .n 


mouuius.  /v  grapiucai  meinoa  is  presemeu  iu  ucimmiie  me  muuuius  uum  uaiauuii  meaaiuc- 
ments.  These  deflection  tests  are  also  a  simple  way  to  compare  surface  treatments  or  different  types 
of  adhesives.  To  that  purpose  a  coefficient  of  adhesion  is  introduced.  F;or  good  sensitivity,  rela¬ 
tive!;  n  beams  and  thick  adhesive  layers  are  recommended. 


With  the  adhesive  layer  acting  in  a  state  of  pure  sircar,  the  cantilever  beam  specimen  can  be 
useful  to  obtain  mode  II  fracture  energies.  Implementation  of  nonlinear  and  viscoelastic  adhesive 
behavior  into  the  strength-of-materials  solution  is  briefly  mentioned. 
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